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Letter to the Editor

On the Unicity in Simultaneous Approximation
by Algebraic Polynomials

The problem of uniqueness of best approximating polynomial to
fE Ckv+l[a, b] from lln with respect to the norm: [[fl[F = maxk EF [Ip k .) 1[,
where F = {O = ko < k 1 < ... < k ll ~ n} and [[ 'I[ is the supre~um norm
on [a, b], is treated in [3]. In this note it is shown that the main result of [3]
can be derived directly from the unicity in Restricted Derivatives
Approximation (RDA) [1,4].

The following result is proved in [3, Theorem 4].

THEOREM. Let f E Ckv+l[a, b] and let D(f) be the set of all polynomials of
best approximation to f(x) from lln in the norm [[ . I[F . If, for all p E D(f),

Ilf-p[[F = [[f-p[l, (1)

then D(f) consists of a single element.

A good part of [3] is devoted to the proof of this theorem by the same
methods and ideas as those used in the proofs of unicity in Monotone
Approximation [2] and Restricted Derivatives Approximation [1,4]. This
treatment can be avoided in view of the following observation:

Let d = Ilf - p [IF, P E D(f), and let

K = {h [ hE lln ,j(k·\X) - d ~ h(k·)(X) ~ /k·)(X) + d,

a ~ x ~ b, i = 0, I, 2, ... ,p}. (2)

Obviously, K = D(f), and by assumption (1), [If - h I[ = d for any hE K.
Therefore, the uniqueness of the polynomial of best approximation to ffrom
K in the supremum norm [1] implies that K, i.e., D(f), contains exactly one
element.

The uniqueness of RDA as proved in [4] cannot be applied to K since K
does not satisfy two of the conditions assumed there [4, p. 217, lines 5, 6, and
p. 222, assumption (viii)]. Yet, a more refined version of the same proof yields
unicity without the above assumptions [1].

Since the treatment in (1] is carried out in a general setting, it is worthwhile
to sketch the modification of the proof in [4]. In the following, all notations
and numbers pertain to [4].
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The uniqueness in [4] depends on the assumption stated in p. 217, lines 5, 6,
through the use of Theorem 2 in the proof of Lemma 2. This can be avoided
if in Lemma 2 the polynomial Q E Ilk -1 (p. 225) is constructed to satisfy (13),o
but with lines 2 and 3 in (13) replaced by conditions (4) for k i < ko • By
continuity arguments, for A > 0 but small enough, P and AQ satisfy (2) and
fail to satisfy (1). Thus the needed contradiction in Lemma 2 follows directly
from Theorem 1.

The second assumption (4, p. 222, (viii)) can be omitted by a slight change
in the construction of the incidence matrix E (p. 224). In case of overlapping
pairs in conditions (a)-(e) (p. 224) (which cannot occur if (viii) is assumed),
only the maximal even number of units corresponding to consecutive
conditions at a point are introduced to the matrix E.
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